INTRODUCTION
It is the purpose of this paper to describe certain numerical methods for approximately solving Helmholtz type equations in unbounded regions in two and three-dimensional space, subject to appropriate radiation conditions at infinity.
Mathematical problems of this kind arise from the propagation of linear periodic waves through an unbounded medium. For example, if we assume harmonic time dependence, the scattering of acoustic waves by a bounded obstacle may be mathematically formulated as an exterior Dirichlet or Neumann problem for the Helmholtz equation, (-2x-k2 )u ~ 0 (see Sec. 1.1 for a precise formulation of the problem). In addition, various problems relating to underwater acoustics and the scattering of electromagnetic waves in a waveguide may be formulated in terms of the Helmholtz equation in regions with infinite boundaries, as described in Sec. 1.5.
There are various difficulties in the numerical treatment of problems of this type. These include the unboundedness of the region under consideration, the oscillatory nature of the solutions and the fact that the resulting matrix equations are indefinite when the frequency is large. The last two questions will be briefly discussed in Sec, 3. This paper will be mainly concerned with techniques for replacing the given problem by an approximate or equivalent problem on a bounded region and then discretizing the resulting problem.
We shall refer to the numerical techniques discussed in Sec. 1 as direct discretization methods. These methods consist of first introducing an artificial boundary, F~, at a sufficiently large distance from the origin. Appropriate radiation boundary conditions are then imposed on F~ in order to approximately incorporate the asymptotic behavior of the solution at infinity in the numerical method. Two recently developed techniques for constructing highly absorbing radiation boundary conditions will be discussed in Sec. 1.2. Finally, the resulting boundary value problem is discretized using either finite difference or finite element methods. Finite element methods take account of the boundary condition on F~ in a natural way and are described in Sec. 1.
In Sec. 2, we shall describe an alternative approach based on reformulating the exterior problem as an integral equation on a bounded surface. A few different integral equation formulations will be described in Sec. 2.1. In Sec. 2.2, we discuss numerical techniques for solving the resulting integral equations. In Sec. 2.3, we consider techniques for coupling direct discretization and integral equation methods.
Finally, we remark that analytic and asymptotic methods have been extensively employed for solving problems in linear wave propagation. For a survey of these methods as well as the kinds of physical problems for which they are applicable, see [1] and the references cited there.
DIRECT DISCRETIZATION METHODS

The Exterior Problem
We begin by describing the exterior Dirichlet problem for the Helmholtz equation in 113, three dimensional Euclidean space. Let B denote a bounded region in 113 with smooth boundary, I', and let II denote the complement of BUF in 1/3. Suppose that the complex-valued function u(x) satisfies the following problem:
where x = (r,~0, 6) is an arbitrary point in ~ = 1~ U F, (r, 0, ~b) denotes spherical polar coordinates, a denotes the Laplacian, g(x) is a smooth function defined on F, and k;~0 is a real number. The exterior Neumann problem is defined by (1.1), (1.2), and ( 1.5) Finally, we observe that there exists an Ro > 0 such that the solution, u (x), of the exterior Dirichlet or Neumann problem has a uniformly convergent series expansion given by
(1.6) n=l A proof of this expansion was given by Atkinson. For a reference to this work as well as various other useful results, see [2] .
Results analogous to those given above are equally valid for exterior Helmholtz problems in R 2. In particular, the free space Greens function for p2 is given by We also note that the above results as well as the numerical methods to be described in this section apply to other boundary conditions, including Robin boundary conditions and mixed boundary conditions (e.g., the Dirichlet condition may be imposed on one portion of the boundary and the Neumann condition may be imposed on the remainder of the boundary). Finally, we remark that the numerical methods to be described in this section are applicable even if the differential operator on the left side of (1.1) is perturbed so as to include variable coefficients with bounded support. However, for the sake of simplicity we shall confine our discussion to the exterior Dirichlet or Neumann problem for the Helmholtz equation in ~2 or R3.
Radiation Boundary Conditions
In order to apply a direct discretization [3] method, we shall introduce an artificial boundary F~ enclosing 0u the obstacle as well as an appropriate boundary condition of the form -~n = T(u) on F=. In order to approximate the outgoing solution satisfying (1.2) or (1.8), it is desirable that our boundary condition be highly absorbing. For computational reasons, it is also desirable that the boundary condition be local. (Nonlocal 0u means that in order to compute ~n at a point of F= it is necessary to compute u at each point of F~). We shall briefly describe two methods for constructing a hierachy of local, highly absorbing boundary conditions of increasingly better accuracy.
